
Fourier Analysis Feb 10,2022 .

1. Review
.

For re (0,1)
,
define

Pran = 1¥
1-Zrcosx -1T

=
-5
n= - o

r
'm einx

Then ( Pr )
myo, ,,

is called the Poisson kernel

as r→1
.

Corollary : Let f be integrable on the circle .

Then
① Pr # fan → fan if f- is cts at ×

as r→ 1
.

② Whenever f is cts on the circle
,

pr*f→→ f- as r→±
.



Recall that

Pr * fan = É r
'm Fon, einx

h=- is

( : = Arf ah - Abel mean

of the Fourier series of f)

§ 2.5 Applications to the steady-state heat equation
on the unit disc

.

Consider the heat distribution on a (very thin )
metal plate .

ucx.y.tl - the temperature at the point
Cxiyl at time t .

Then u satisfies the following

3¥ = 3¥, + 3¥ ,
Gisler? t >o

.



In the special case when U is independent of t,
then U= UH , y ) satisfies

o = 3¥, -1 T¥
,

ix. y ) c- IR?

e.
( steady-state heat equation )

Now consider the unit disc

D: = { cxiy ) : x4y2< I } .
We want to consider

§¥ + 2¥ =o ,

Cx . 9) c- D
.

We would like to re- express D and the heat equations
in the polar co-ordinates :



%
C.×•iY). ~ fr, O )

,
with v20

,
Ot [0,21T)¥

/ ✗= rcoso

÷ ( y= rsino
×

Fig .

Polar coordinate ( riot for the point
G. g) C- IR?

Using the polar coordinate , the Unit disc can be expressed as

D= { fr, 01 : osr.sk ,
0<-062-11 }

Moreover
,
the steady-state heat equation can be

rewritten as

2¥ -12¥. = II. + ÷¥r+±:¥=• .



-1hm 1
.

Let f- be integrable on the circle .

Let Ufr, O) : = Pr # flop
,

OSHI
,
010<217

.

Then (1) U C- [(D)
.
Moreover

Au :=J¥+F¥r+¥I¥=o
a

(Laplace operator)

(2) If f is cts at 0 ,
then

Iim Ucr , 01=9-101 .

r→1



Recall :
Let J be an interval on IR .

Suppose (fn ) is a sequence of cts functions

on J such that

① fnfxo ) → fcxo )

② fi →→ G on JJ

Then I f sit

fn If on J

and f.
'
= g.

As a special consequence , if
At

÷
,

snail → sat for all xtj

and

É Sn'm →→ fan on 5-
,

n=1

As N→b
.

Then 81×1=91×1 on J
,

i. e.

is

(É=
,

Sna ) ) == E-, Snail on J
.



pfof-hm1-l-i-o.vefirst show UECTDI .

Recall that

•

plnlffme.intPr# fool = I
D= - W 9

④r< 1,0105271
.

Notice that the above series converges uniformly
on the region

{ (no ) : osrsp }
for any ospsl .

Also
,

É
mis
¥ / r '"f?n, eino )

is

2- ⇒ ( r ' " film einoj
h= - is

converge uniformly on { choli. * rsp }



Hence ÷ ( Pr# f)
as

= E Frfr
'" fencing

n=- is

¥1 Pr# f)
= É To ( rmtfcneino)

that h=- is

which mean#÷
.
If exist on D . Similarly ,

we can

that u is CT on D

Next we check 04=0
.

Notice that

our II. + I ?÷+÷ :*



=

nÉ|¥. (
r

'" fin, eino )

+ tr Irl r
'"

finking

-1¥ Yg ( pm pion, eino ,
]

So we only need to check that for given me ¥
,

☐ ( pmleino ) = 0 .

Let us check it in the case when n=3
.

¥ ( Pei -30 ) = grei 30

f- ÷ ( Pei
> 0 ) = z r e

i30

÷ ÷É( v3 ei 30) = r . Gipe
i30
= - qrei 30



Hence

of Pei
" ) = o

.

☒s


